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Abstract. A result concerning global extrema in a nonsmooth nonconvex 
variational problem that appears in applications (e.g. in a large defor- 
mation elasticity problem) is investigated in comparison with a result 
of D.Y. Gao and R.W. Ogden. The tools used are elementary and the 
results derived improve upon and correct a recent similar result, more 
precisely. Theorem 4 of the paper "Closed-form solutions, extremality 
and nonsmoothness criteria in a large deformation elasticity problem" 
by the fore-mentioned authors. 



1. Introduction 

Starting in 1998 a new optimization theory called the "triality theory" has 
been the object of intense studies (see e.g. [5] and the references within) while 
numerous applications of this theory have been published in prestigious jour- 
nals throughout the literature. This triality theory promises fruitful results 
for a large class of optimization problems and is based on a gap function also 
called the Gao-Strang complementary gap function (see [4]). 

In this paper we investigate one such application of the triality theory, 
namely a variational problem appearing in an elasticity problem studied in 
[3] , we prove that its main result [31, Th. 4] is false and we correct that result 
using elementary arguments (see Proposition 3] below) . The analysis of [31 
Th. 4] is accompanied by several comments on the context, mathematical 
writing manner, and arguments of [5] and by several counterexamples. 

The plan of the paper is as follows. In section 2 we study a series of 
polynomial and rational functions together with their critical points, relative 
extrema, and behavior. Section 3 deals with the nonconvex variational prob- 
lem in focus. The main object of Section 4 is to perform a comparison of the 
results in Section 3 with [3j Th. 4]. Section 5 presents our main conclusions. 



2 



Voisei and Zalinescu 



2. An elementary argument 

We begin with an elementary study of some simple functions. Throughout 
this paper a,fi,L'>0 and r e M; we consider the polynomial 

Priy) ■■= + li' (52/^ - ay)^ - (t + ai^)y (1) 
and the functions 

/i^ :M\{-m}^R, hr{^):=-l(^— + 2aT + a^{^ + n) + u-\A (2) 

forr eK\{0}, and 

/io:M^R, hQ{^):=-l{a'^{<; + ti) + u-\'^). (3) 
For T e M we have 

(4) 

where / is the polynomial 

/(C) := {2,^-\ + a') {n + <;f. 

For r S IR, let us consider the function : ^ R defined by 

3r{u, c) := + A*) - a'u<j - -(''' + aiJ,)u. 

From the expression of S,- we see that, for every fixed t G M, S^(w,, •) is 
concave for every u gR and <j) is convex (concave) for ^ > —/i (^ < — ^). 
We have 

Priy) = M-y + J^ (ly^ - ay) (?/ - a) - r - a/i, 

(u, <r) = u(c- + /u) - a<; - r - a/U, 

-^(■u,<r) = - au - (5) 

Then {u, <;) is a critical point of iff 

u{<; + /i) — a<j — T — a/i = 0, — au — = 0. (6) 

Theorem 1. Letpr, hr, and f be defined as above. 

(i) If {u, <;) is a critical point of then (; = y (^ tt^ — au) , p't{u) = 0, 
i.e. u is a critical point ofpr, 

p';{u) = ii + u{3u-\ + a'') = 3{^- p), (7) 

where 

p:=-^{fi + iya^), (8) 
<; is a solution of the equation 

f{<;) = r' (9) 
(in particular, when t ^ 0, <; is a critical point of hr), and 
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Pr{u) ^Er{u,<^) = hri^;). (10) 

(ii) For every u G M, set 

<^u ■= V {\u^ - au) . (11) 
Then cr„ is a global maximum point for ^^-(it, •) and 

Pr(w) = S^(w,'^«) = supSt-(m, <;) Vii e M. (12) 

(iii) Ifp'^{u) = then (u,<7„) is a critical point of'E.r, is a solution of 
and f7^) holds for ^ = 

(iv) For ^ — /Lt set 

u^:=a + T/{^ + lj.). (13) 

Then 

h.{,) = S.(.„ = I ^) % ' > (14) 

^' ' \ snp^m-r{u,^) if ^<-n, ^ ' 

that is, if <; + fi > {<; + fj, < 0) then u^ is a global minimum (maximum) 
point of 'E^r {■,<;) ■ 

(v) If ^ ^ —fJ. is a solution of ^ (or equivalently, (, is a critical point 
of hr) then {ui;,<;) is a critical point of S,-, is a critical point of Pr and 
UU\) holds for u = u^;. 

(vi) // (u, ^) e is a critical point of with ^ > — /i then ^ = Cu, 



sup inf ^T-(-u, <j) = inf Er{u,i,) = ^t- («,<?) = Pt{u) = inf p-r(u) (15) 



and 



sup /it('?) = /ir('^) =Sr(u,0 ^Pt{u) = inf p^(u). (16) 
particular, u is a global minimum of pr on K. 

Proof, (i) Let (u,"?) be a critical point of St-. Relation <, = v (J^u^ — au) 
follows directly from the second part in This yields p't-{u) — + <,{y — 
a)—T—afi = by the first part in (O andp"(u) = fi+i'{3i'~^';+a^) — 3(<r— p) 
where p = —-^{n + ya^). Again, — v (^m^ — au) becomes 2v~^(, + a^ = 
{u — a)^ while the first equality in ^ is equivalent to {u — a)(<r + /x) = r. 
These easily provide /("j) = {2iy~^(; + a'^){(; + p)^ = r^. When r we clearly 
have that <j ^ — /Lt. Hence, according to ^ and ([1]), is a critical point of hr- 
A direct computation based on the relation ~ v (^^u^ ~ au) provides 
the equality Pt{u) = S,-(u,<;). For («,>;) = hr{<i) first notice again that 
r = whenever (, = —fi and So(w, — /i) = — = /io(~m)- It remains 

to prove the last equality in (jlOp for 7^ — (which happens, in particular, 

2 

when T 7^ 0). In this case u = a + ^^^^ — '''{'^ ~ a) and the equality 
5t-(m, <j) = /it('?) reduces to {u — aY{q + 11)— t{u — a) which is clearly true. 

(ii) It is easily seen from ([5]) and ([TT|) that, for every m G R, is a 
critical point for the concave function St-(u, •); hence <;„ is a global maximum 
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point of ^^.(m, •). This fact is reflected by the second equality in p^ . The 
first equality in (fl^ follows directly from (|lip . 

(iii) Since — ^lu + <j„(u — a) — t — a/i = one sees that 
satisfies The second part follows from (i). 

(iv) For (|14p one uses again the fact that a critical point for a convex 
(concave) functional is a global minimum (maximum) point for that func- 
tional; apply this for it^ which is a critical point of S(-, <j). 

(v) While the first part in ([6]) is straightforward due to (fT3| the second 
part part in © follows from /(<j) = coupled again with r/(<j = u^ — a. 
Therefore (u^,"?) is a critical point of S,-, and from (i) we have that is a 
critical point of Pr and (fTUj) holds for <j and u — u^. 

(vi) Let (m, € be a critical point of 5,- with ^ > —fi. Relations 
= Qu and u = u-^ are consequences of (i). Since u is a critical point for the 

convex function S,- ( • , ^) we know that m is a global minimum point of S^. ( • , ^) . 
Similarly, ^ is a critical point for the concave function of Sr(^*, •) thus ^ is a 
global maximum point of St-(u, •). These facts translate as 

Sr (m, ^) > (u, t) > (u, Vu e R, foralk G K. 
It follows that 

sup inf S7-(u,<^) > inf St-(m,^) = St-(u, ^) = supSt-(u, <;) > inf supSt-(u,<;). 

Since sup^^^ inf„eR St-(u, <;) < inf„gR sup^gR S^(u, <;) (for every function S,-), 
we obtain that 

sup inf Er{u,<;) = inf Eriu,q) = St(u,?) = Pr(u) = inf Pr(u); 

<;gR«eR ueK ueR 

the last equality being due to ([T^ . Taking into account ((HJ, (fT5|) . and (v) 
we get 

sup /ir(?) = /it(s') = S^(u, ^) = Pt(u) = inf Pt(w), 
that is, (mi holds. □ 

The following result analyzes the solutions of 
Proposition 2. Assume that 2/i < va^ and set 

:= (,ya^ - 2^if /21v. (17) 

(a) If > rj then equation (0j has a unique real solution ^; moreover, 
^ > —/I and for u :— u-^ one has \18\) below with u and ^ instead ofui and 
^1, respectively. 

(b) // ^ rj then equation 0) has the real solutions > — /i one? 
^2 = ?3 = P, where p is defined in Moreover, for ui := one has 

Pt{u) > Pt{ui) = hr i'^i) > hr{<;) yu eM. \ {ui}, forallq e {~ji, oo) \ {?i}. 

(18) 

(c) If < < T] then equation (0) has the real solutions <ri,<j2,^^3 with 

^1 > > ^2 > P > ?3 > -h'^a'^- 
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Moreover, for ui u-^. (i G {1,2,3}), one has il8\) and for i G {2,3} there 
exists a neighborhood Ui ofui such that and 

vahYpr{u) ^ p^{u2) = hr{'^2) = min /ir(^) (19) 
UGU2 ?e(<;3,-M) 

and 

meiKpT-iu) — Pt-{u3) ~ hT-{^3) = max hr{'^). (20) 

ueUs <;G(-oo,?2) 

(d) // r = then equation Q) has the real solutions = ?2 = —^J■ o,nd 
^3 — —^va^. Setting ui — a + ^ o? — 1v~^ii, U2 — a — -y/a^ — 2v~^^ and 
U3 '■— u?3 — ct, we have that 

minpo(w) = Po(ui) = Po("2) = sup /io(<;) = inf /io(<r) = -^u^^ ^? , 

(21) 

anrf di^O)] /lo/rfs wt/i f/3 := {u2,ui). 

Proof. We have and /'(^) = 6z^~^(^-|-^)(<; — p). Also, — iz^a^ < P < — M since 
2/i < i/a^ and /(p) = 77. The behavior of / is shown in Table [TJ 





—00 




P 


-/i 


+00 
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H - 


H 




/(O 


—00 / 





^ ?7 \ 


/ 


^ +00 



Table 1. The behavior of /. 



Consider the polynomial equation /(?) = r^; it has a unique real solu- 
tion iji > —/X for > ?7, three real solutions <;i > — ^ and '^2 = '^3 — P for 
= ?], three real solutions <;i > — /i > ■^2 > P > ^3 > — ^J^a^ for < < ry, 
and three real solutions <?i = <r2 = ^-i^d ^3 = — ^t^a^ for ~ (see Figure 
□ below). 




Figure 1. The graph of / and solutions of /(<^) = r^. 

Based on the derivative of hr given in the behavior of h^ is presented 
in Tabled] for > 77 and in Tabled for < < 77. 
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Table 2. The behavior of h for > 77. 



~oo 53 ^2 2^ +00 

Ki';) + +0-0 + I + 0- 

Table 3. The behavior of ft, for < < r/. 



Assume that r 7^ 0. From the discussion above we have that the equation 
/(<?) = has a unique solution :— on the interval (—^,00). Since 
^1 > — /i, from Theorem [T] (v), (vi) we know that with ui := u--^ is a 

critical point of S,- and 

mi priu) = Priui) = hri'^i) = sup hr{<;). 

The fact that /it(?i) > /it(^) for q e (— 00) \ {^1} is clear from Tables El [H 
In order to complete (fTSl) we have to prove that ui is the only (strict) global 
minimum point for pr, i.e., Pt{u) > Priui) for m G M \ {ui}. 

Assume that there exists uq & M\{?Ii} such that Pr(uo) = Pt{ui)- Hence 
uq is a global minimum point of Pr- The polynomial q{y) = Priy) — Pt{uo) 
has degree 4, is non- negative, and admits the distinct roots uo,ui. Hence 
uo,Ui are double roots and so q{y) = ^t^iv — uo)^{y — ui)^ after one takes 
into account the leading coefficient of Pr- It follows that Priy) = Pt{uq) + 
■^i^{y — uoY'ly — ui)^. In expanded form, 

Pr(y) = li^y"^ - ^vay'^ + (ij/a^ + 5^)2/^ - (t + OLp.)y+pr{Q). 

After we identify the coefficients of y"^, y^ and y we find uo + ui — 2a, uqUi ~ 
2/ii^^^, and t — Q. Since by our running hypothesis t 7^ 0, we obtain Pt(u) > 
Pt(uo) for all M \ {wi}. 

(a), (b) and the first part of (c) follow from the discussion above on / 
and ^"1 . 

(c) Assume that < < ry. The fact that —p, > ?2 > P > ?3 > ~\v<^^ 
follows from Table [TJ Also from the behavior of hr shown in Table |3] we have 
that 

^t(^'2) = min /ir(<?), hr{s?.) = max_ hr{(,). 

According to Theorem[l](lii, is a critical point of S,-, p'T-iui) — 0, hr{si) — 
Priui) and = 3 (q — p) for i e {2, 3}. Because ^2 > P > ?3, we have 

that p'^{u2) > and p'^iuy,) < 0, proving that 1*2 is a strict local minimum 
point of Pr and U3 is a strict local maximum point of Pr- 
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(d) For r = we have 

Po{y) = {y^ - 2aj/ + 2i^"V)^-5'^"V^ ^ ^J^iy- uif {y - U2Y -\v~^ . 

Taking into account that /io(<?) — ~\ [Q!^(<r + + i^^^'f^] for <j G M, relation 
(PT|) and the rest of the conclusion are straightforward. □ 

CoroUjiry 3. Assume that 2^ < vc? . With the notation of the preceding 
proposition, if < < rj then Priu^) > Pr(u2) > Pr(ui). 

Proof Since U2 7^ wi, from (flHI) wc get Pr(u2) > Pr{ui). Also, from (ITOl) . 

(Uni), and Table El Pr(u3) = /lr(^3) > /''r(^2) = Pr{u2)- □ 



3. Application to a nonconvex variational problem 

Let us consider Tg,a, > 0, < a < b, a : [a, 6] — )• R be defined by a{r) := 
pTgr-"^ and V : £'*(a, 6) R be defined by 

V{v):~2tt / i/ir^w^ + i;^ (ir^u^ — art)) — cru rdr — 2tt / rp^f;{rv)dr, 

J a J a 

(22) 

where u G 'C'*(a, 6), (3{r) a/i — o'(?'), r e [a, &], and p-p is defined via ((ij. 
In the previous formula and the subsequent ones we use v,a, and /3 instead 
of v(r),a{r), and /3(r) for the simplicity of notation. 

Throughout this note we use the notation :— CP{a,b), p > 1, and 
the convention 0/0 :— 0, which agrees with the convention • (±00) :— used 
in measure theory. With this convention in mind, consider 

e/:^; (23) 



and the function 



J a 



+ v-'C rdr. (24) 
C + M / 

Taking into account (|26p below, is the biggest subset of £^ for which 7"^ 
is weU defined, i.c, 7"^(C) G R iff C e Ai. Clearly, 

Ai C := {C e I C(2^) + M ^ for a.e. a; G [a,fe]} . (25) 

Since 

^^^^ + --'e ^-^-2aP + a\C + ^^)+ --^C^ (26) 
we have that, 



V\0^2'K I rh.0^r)ir)dr, 

J a 



(27) 



where is given by ([U or ([3]). 

Taking into account the expressions of V in and 7"^ in ([27]) and 
after applying Proposition [2] for t = ~P{r) we get the following result. 
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Proposition 4. Assume that 2/i < va^ . 

(a) If > r] on [a,b], (that is, P'^ir) > rj for every r £ [a^h]) then 
equation (0) corresponding to t ~ —/3 has a unique solution ( G C[a, b] D Ai 
with C, > on [a, h], and for v := r^^ (a — /3/(C + /i)) one has 

V{v) ^ minViv) ^ max V^iO^V^iC)- (28) 

fe£* C6^i,C>-A' 

(b) If0<l3^ < rj on [a, b] then equation corresponding to t = —(3 has 
three solutions Ci,C2jC3 G C[a, 6] n^i with Ci > > C2 > P > C3 > 

on [a, h] . Moreover, for Vi :— r^^ (a — (3/ (^j + /i)) {i E {1, 2, 3}), one has 

V{vi) = min V{v) = max 7"^(C) = P''(Ci), (29) 

V{V2)^ min 7"*(C) = ^'(G), (30) 
CeAi,C3<C<-A' 

^(TJ3)= max 7"^(C)-P''(C3)- (31) 

CeAi,c<C2 

Proof. The existence and continuity of tlie solutions C in case (a) and (^i, ^2 1 
(■3 in case (b) follow from the behavior of / presented in Table [T] and the fact 
that /3 S C°°[a, b]. More precisely, the critical point of / are — ^ and p with 
/(—//) = 0, f{p) = ?7 (see Table [T]) so the inverses of / restricted to each of 
the intervals (— ^t^a^,p), (p, — /i), (— /i, cxd) exist and are smooth. Since for 
[3^ > the solution <;(r) of the equation /(<;) — 0^{r) is different from — /i, 
we have that C: CiJ C21 C3 S ^1 ^nd w, I>i,zJ2, W3 are continuous and implicitly 
belong to C^. 

(a) For every w e £^ and C, £ Ai with ^ > —fi on [a, &], apply Proposition 
[5Ja) for a fixed r e [a, 6], u := rti(r), and <r C(r) to obtain 

P-/?(r)(™(0) >P-ti(r){rv{r)) = /l-/J(r) (?(?-)) > /l-;3(r) (C(0)- 

Multiplying by 27rr > and integrating on [a, b] provide 

v{v) > v(v) = v^io > v^io 

for all V £ and C, £ Ai with C > — The conclusion follows. The proof 
for (b) follows similarly from Proposition [2Jc). □ 



4. Some comments on [3, Th. 4] 

On O p. 502] one says: 

• "we consider the kinetically admissible space to be defined by 
Xa = {g{r) G C[a,b] I g' G £f [a,6], g{a) = 0}, (19) 

where is the space of Lebesgue integrable functions for some p G [1, 00)." 
followed by: 

• "Then the considered problem can be formulated as the following 
minimization problem for the determination of the deformation function g: 

mm I V{g) ^ J W{rg'{r))rdr ~ 2nb'^Tgg{b)\ . (20)" 
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Later on (see [51 P- 506]) one says: 

• "In this section the strain energy is assumed to be the nonconvex 
function of the shear strain 7 given by 

14^(7) = iM7' + ii^(i7'-«7)', (39) 
where ^ > 0, ly > and a G M are material constants." 

On the next page one continues with 

• "... there is no loss of generality in restricting attention to a > 0, 
which we do here." , 

• "The parameters a, fi, v are then such that 
2^ < vcP- < 8n, (40) 

and for the most part we restrict attention to this range of values." , 

• "In this section, therefore, we restrict attention to the more interesting 
case for which Tg > 0, and hence 7 > 0. 

For this situation we define a two-component canonical strain measure 

^ by 

f = (e,e) = A(5) = (i(rg')^ U^gT " "(rffO) S M^ 
and the canonical energy U{£,) = fie + is then a convex (quadratic) 

function, which is well defined on the domain 

£ = {(e, G X £2 I s{r) > 0, ^{r) > ~\o? , Vr £ [a, b]}. 
The canonical dual 'stress' vector 

C = (^,C) = (7^(0 = (m,K)gR', 

where U^{£_) — dU/d^, is well defined on the dual space 

S = {(<;, C) e X £2 I ^(r) = ^, C{r) > -^i^a^ , forallr e [a, &]}." 

and 

• "... we obtain the total complementary energy X{g,(^) for this non- 
convex problem in the form 

Xig, = ... = 27r/; [i(rg')'(C + A^) " arg'C - i^^^^C'] rdr-27rb'Teg{b). 

(41)" 

Page 509 of [5] begins with: 

• "For a given ( G S, the criticality condition 6gX{gX) — leads to 
the equation 

{{( + fi)r^g' -r^aC)' ^0, re (a, 6), 
and the boundary condition 

(C + ^J)r^g' — r^a( = b'^Tg on r = 6." 
followed by 

• "Therefore, by substituting j = rg' = {a + a()/iC + m) into X, 
the pure complementary energy can be obtained by the canonical dual 
transformation 

7"^(C) = {X{g, I SgX{g, 0=0} = -n j' (j^^^j^ + ^"'C') rdr, (42) 
which is well defined on the dual feasible space 

The criticality condition SV^iC) = leads to the dual algebraic equation 
{2iy-\ + a^) ifi + C)2 = {a- fia)\ (43)". 
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On page 510 of Ji^ one can find: 

• "... for simplicity of expression, we have introduced tlie notations 
/3 = /ia — a and 

rj = {va^ - 2^)3/27i/. (48)" 

Note that T"^{C) is exactly as in ((M)) . 

Before quoting the result we have in view let us shortly discuss the 
quoted text above. 

Note that cr(r) = b'^Tg/r^ (as taken at the beginning of our Section 
[3]), is mentioned on page 509 of [3] (see also O page 505]); probably one 
takes < a < < oo, assumptions that we accept here. Hence the set 
Bq := {s e [a, b] \ /3(s) = 0} has at most one element. 

Probably, by "well defined on ... Sa" above one means that V^iC) G M 
for every ^ S Sa, that is, Sa C Ai [see ([23]) ]. But this inclusion is false as we 
will see from the next result. However Sa C 

Lemma 5. Under the current notations and assumptions Sa 't- ^1 fw^c^ 
not well defined on Sa- 

Proof. Recall that /3(r) — afi — b'^Tg /r^ and note that Bq ~ {s e [a, b] \ 
/3{s) = 0} C {y/b'^Tg/{a^)} so there exist (c, d) C (a, b) and 7 > such that 
(3^{x) > 7 for every a; £ [c,d]. Let C{r) = —fi + r — cfor r S {c,d), ({r) = 1 — ^ 
for r G [a,&]\ (c, d). Then ( £ and C > — M > [^j^]) i-^-, C G ^a- 

Also ^ > ^ > on [c,d] and > 7/' ;^ = that is 

C^^i. □ 

Let us denote the algebraic interior (or core) of a set by "core" . 

Lemma 6. Under the current notations and assumptions core A2 is empty. In 
particular, coreAi — core 5a = 0. 

Proof. Indeed, because a is continuous, there exist S > and a < a' < b' < b 
such that \(3 {r)\ > S > for every r £ I — (a', b'). Take € A2 and define u 
by u(r) = n[a' + ^^^-r-'C,{r)~^l] for r G K + a' + ^^) with n > 1, 
and u{r) = for r e [a, 6] \ /. Then for every 5 > i) there exists t = ^ G (0, (5) 
such that ( + tu ^ A2. (Note that for C, € Ai and for u constructed as above 
we have that for every 5 > Q there exists t ^ (0, (5) such that C,+tu ^ Ax). □ 

To our knowledge, one can speak about Gateaux differentiability of a 
function f : E C X ^ Y, with X, Y topological vector spaces, a.txGE only 
if X is in the core of E. As we have seen above, T"^{C,) G only for ( G Ai and 
coreAi = 0. These considerations naturally lead to the following question: 

In what sense is the critical point notion associated to understood so 
that when using this notion one gets (43)], other than just formal compu- 
tation ? 

Taking into account the comment (see [31 page 509]) 
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• "We emphasize that the integrand of 'P'^{C) has a singularity a.t ( — 
— /i, which is excluded in the definition of Sa, and does not in general corre- 
spond to a critical point of T"^{C,y\ 

we wish to point out that there is an important difference between the 
condition C, 7^ — /i and C,{r) 7^ — /i a.e. on [a, h] since it is known that 
C ^ —jjL means that C,{x) 7^ —fi on a set of positive measure. Alterna- 
tively, £^ \ {— /x} is a (nonempty) open set, while, as seen above, the set 
A2 := {C G 'C^ I C,{r) + /i 7^ for a.e. r € [a, 6]} has empty core (in particu- 
lar has empty interior). 

From the quoted text it seems that C, is taken from but it is not 
very clear from where g is taken; apparently g £ Xa, that is, g € C[a, 6] is 
such that g' S and g{a) = for some fixed p £ [l,oo). But, to have 
(e,C) € X C"^ where e(r) — i(rg'(r))^ and ^(r) = ^(rg'ir))'^ — arg'{r) 
one needs p > 4. Moreover, the statement {^{rg'Y, \{rg'Y — cy-iTg')) G is 
quite strange because g' is a function (or even an equivalent class). 

In the sequel we take p = A. Then g in Xa has to be an absolutely 
continuous function on [a, b] with g{a) = and g' G >C*[a, b]. In fact 

g e Xa -^=^ 3v e Z:'', for aU r e [a, b] : gir) = / v{t)dt. 

J a 

So, the problem mxagtzx^ ^(ff) above becomes the problem min^,g£4 V{v) with 
V{v) defined in ([^ . 

Next, using the above considerations we discuss the following result of 
[3]; we also quote its proof for easy reference. 

"Theorem 4 (Extremality Criteria). For a given shear stress > such 
that (7 = b'^Tg/r^ , if [a — a/i)'^ > 7/ > the dual algebraic equation (43) has a 
unique real root Q{r) > — /i, which is a global maximizer of over Sa, and 
the corresponding solution g is a global minimizer of V{g) over Xa, i.e. 

P(5) = min V{g) = max7'^(C) = V^iO- (51) 

If (ct — a/i)^ < ?7 and a 7^ a/i then equation (43) has three real roots 
ordered as (49). The corresponding solution g^ is a global minimizer of V{g) 
and (^i is a global maximizer of 'P'^{C) over the domain > — /x, i.e. 

P(5) = min V{g) = max V^iQ = 7"'(Ci). (52) 

ffSA",! C>-A' 

For C2, the corresponding solution ^2 is a local minimizer of 'P{g), while 
for C3 the associated ^3 is a local maximizer, so that 

P(52) - min 7'(,g) = _ min 7"^(C) = ^"^((2), (53) 

a&x-2 C3<c<-M 

and 

7^(53) = max 7^(3) = max P'^(C) = V^H^), (54) 



2 



where A'i is a neighborhood of for z = 2, 3. 

In the transitional cases for which a — ap, — the two roots ^2 

and C3 coincide and the local extrema described by (53) and (54) merge into 
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a horizontal point of inflection. In the case a — afi the two roots d and 
C2 coincide at — /i and this is the transitional point at which the two local 
minima are equal and the solution becomes nonsmooth. 

Proof. The proof of this theorem follows from the triality theory devel- 
oped in [5, 8]. □" 

The references [5, 8] above are our references [T] and [2], respectively. 

Before discussing the above result let us clarify the meaning for and 
(as well as ^ and g) appearing in the above statement. In fact these functions 
are defined in the statement of [3, Th. 2]: 

"Theorem 2 (Closed-form Solutions). For a given shear stress rg > 
such that a = iP'To/r'^, the dual algebraic equation (43) has at most three 
real roots Ci(^)i « = 1, 2, 3, ordered as 

Ci(0 > -A^ > C2W > C3M >-\yo?. (49) 
For each of these roots, the function defined by 

is a solution of the boundary value problem (EVP), and 

n9i)^v^{Q, * = 1,2,3." 

With our reformulation of the problem [31 (20)] in place, in the state- 
ments of '3, Th. 2, Th. 3] one must replace Xa by £■*, by iJi := -^i^^^ 'g 

hyv:~ r^+'ji) ^"^^ ^ by T', Xj being now a neighborhood of Uj, for j = 2, 3. 
This is possible since the operator v ^ ^ u = f^v€Xa and its inverse 
Xa 3 u ^ V = Ux & are linear continuous under the W^^'* topology on 
Xa', whence g £ Xa is a local extrema for V iff the corresponding w G £^ is a 
local extrema for V. 

Hence C, d ^-^d v, Vi are exactly as in our Proposition 21 We observe 
that there are differences between the conclusions of Proposition 2] and [31 
Th. 4], the conclusions in [31 Th. 4] being stronger. In the discussion below 
we show that it is not possible to obtain stronger conclusions than those of 
Proposition m 

Discussion of [3, (51)]. The sole difference between [31 (51)] and (|28l) 
is that one has max^£5_^ '^"'(C) instead of ma.X(^^Ai.c>-fj-'^'^iO- seen Sec- 
tion [31 V^iC) € M only for ( £ Ai, so considering sup^g^^ 'P'^iO niakes no 
sense. One can ask if [3] (51)] holds when one replaces max^g^^ 'P'^{C) by 
maxjgy^o ■P''(^), where 

A? {C e Ai IC > 

That is not true. Indeed, consider Cn{r) = — /i— 7(1 — a) for r e [a+{b—a)/n, b] 
and Cn{r) = —jJ- — 7(6 — a)/n for r G [a,a + (6 — a)/n), where < 7 < 
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(ij^a^ — ^) /(6— a). Clearly —^ — ^{b — a)/n >C,n> — /x — 7(6— a) > —^va^ 
on [a, &], and so Cn G ^i- Moreover 

dr > / — -dr > — inn — >■ 00, 

Cn + M Ja+{b-a)/n l{r -a) 7 

which proves that sup^g^o T"^{C,) = +00 (see dH])). 

Discussion of[2>, (52)]. A similar discussion as above shows that maX(^>„p ^'^(C) 
in [31 (52)] does not make sense. The correct equality has been established in 
(Hi). 

Discussion of [31 (53)]. Assume that Q < (3^ < -q on [a, 6]. It is easy to 
show that {C e I p < C < — m} ^ ^ii which proves that {C € £^ | (3 < 
C < -m} ^1; take for example ((J^) = -Ai+^(r-a)/3^(r), r e (a, 6). This 
shows that min^ <C<- 

_ 7"'(C) in [3, (53)] does not make sense. Therefore one 

has to replace the set {C e £^ | C3 < C < -/^} by {C € Ai | C3 < C < -A*}: 
that is, as in (|30l) . 

The problem that occurs now is whether V2 is a local minimum point 
of V ■ The answer for this problem is negative. Indeed, consider e e (0, 6 — a) 
and take v^{r) :— vi{r) for r £ [a, a + e], fe(r) := 172(7') for r G (a + e, 6]. 
From Corollary [3] we have that P-^(r)(™e(?')) < P-/3(r )(™2(»')) for every 
r e [a, a + e], and so 

^(1^2) - V{ve) = 2tt r [p_/3(r)(ru2(r)) - p_^(r)(r^;e(r))] dr > 0. 

./ a 

Since IJwe — ^7211 = ( /a^"^ 1^*2 — ^'il^)^^'' < ^'^^'^ ||^'2 ^ ^'ill , it is clear that V2 
is not a local minimum point of V . 

Discussion of [3l (54)]. Clearly, {C, & \ -\va^ < C < C2} C Ai; 
hence the last equality in [H (54)] holds due to Proposition |4](b) and relation 
([3T|). As above, now the problem is whether W3 is a local maximum point 
of V. The answer is negative. Indeed, as seen in Proposition |4j G C[a, 6], 
C3 < p < —^J■ on [a, 6] so U3 € C[a, &]. It follows that the mapping g : [a, 6] — R 
defined by q{r) :— P-^(r)(™3('')) is continuous, and so M := max^^.t] 9 G M. 
Set TO := max[a b] > 0- It follows that 

1..„.2 I l.,/'l„,2 \2 



> 



\ 2 



for all r G [a, 6] and y > 0. Since limj,_).oo (y) = 00, there exists ?/o > 
such that Pm{y) > M for all y > yo- Let us take y > such that ay > yo 
(and so ry > yo for every r g [a, 6])- Consider eg (0, 6 — a) and fe(r) y for 
r G [a, a + e], fe(r) :— vsir) for r G (a + e, &]. We have that P~i3(r){rv3{r)) < 
M < pm{ry) < P-i3(r){ry) for every re [a, a + e], and so 

'P(W3) - ViVe) = 27r / r [?3-/3(r)(™3('')) - P-/j(r) (f"?)] dr < 0. 
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Since - t'sll = ( XT^" ^ yl'' )^ ^ < e^^'* ll^^s - v\\, this proves that v^i is 
not a local maximum of V . 

5. Conclusions 

• The function is not well defined on the set Sa- The biggest set on 
which T"'' is well defined is Ax whose core is empty; hence it is not 
possible to speak about critical points using the Gateaux differential. 

• Since T"^ is not well defined on the sets 5a, {C S £^ | C > ~^A ^^'^ 
{C G -C^ I C3 < C < the quantities max^^g^^ V^iC). max^>_^ -p''(C) 
and min^ ^^^.^^''(C) in [21 Th. 4] make no sense. 

• The element ^2 is not a local minimizer of V and ^3 is not a local 
maximizer of V . 

• As seen above, one says that the proof of [31 Th. 4] "follows from the 
triality theory", without mentioning a precise result. In fact, as seen in 
Section [31 the proof of the correct variant of [3 Th. 4], that is. Propo- 
sition HI follows from an elementary result, while O Th. 4] is obtained 
by a simple extrapolation of Proposition [51 
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